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In this work, I present a full analytical theory for the Goos-Ha¨nchen and Imbert-Fedorov shifts
experienced by an Airy beam impinging on a dielectric surface. In particular, I will show how the
decay parameter α associated with finite energy Airy beams is responsible for the occurence of giant
angular shifts. A comparisons with the case of Gaussian beams is also discussed.
Accelerating beams, i.e., beams of light that propa-
gate along curved trajectories in free space without any
external potential present, attracted a lot of interest in
the last years. The forefather of this new class of optical
fields is undoubtledy the Airy beam, first introduced in
quantum mechanics by Berry and Balazs in 1979 [1] and
then brought to optics by by Siviloglou and co-workers
in 2007 [2, 3]. This particular solution of the paraxial
equation, in fact, propagates along a parabolic trajec-
tory in free space, due to the fact that it experiences a
nonzero tangential acceleration in its own comoving refer-
ence frame. Driven by the intriguing properties possessed
by Airy beams, in the last decade many different classes
and types of accelerating beams were proposed, each with
unique features, such as the ability of propagating along
curved [4, 5], spiraling [6] or arbitrary [7, 8] trajectories
in space, route particles along non-conventional paths
[9], or generate curved plasma channels [10], to name
a few. Airy beams, in particular, were extensively stud-
ied [11], including a detailed analysis of their reflection
from dielectric surfaces close to total internal reflection
and Brewster incidence [12]. The occurrence of selective
reflection was also reported [13].
Reflection of light upon an interface is a daily wit-
nessed phenomenon, which can be easily understood and
explained using Snell’s law [14]. This law, however, holds
exactly only when the light impinging upon a reflect-
ing surface can be described within the geometrical op-
tics approximation. When the wave properties of the
impinging field cannot be neglected, like in the case of
an optical beam for example, nonspecular reflection phe-
nomena typically occur. Among these effects, the most
famous are certaintly the so-called Goos-Ha¨nchen [15–17]
and Imbert-Fedorov [18–28] shifts, the former occurring
in the plane of incidence and the latter in the plane per-
pendicular to it. These phenomena have been extensively
studied in the past decades for a broad class of beam con-
figurations [29–34] and interfaces [35–41]. Moroever, the
analogy between beam shifts and the quantum mechan-
ical weak measurements has also been proposed [42–46]
and used as a way to get strongly amplified beam shifts
[47, 48] . A comprehensive review on the beam shift phe-
nomena can be found in Ref. [49]. For the case of Airy
beams, intermittend Goos-Ha¨nchen shift from nonlinear
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FIG. 1. (Color online) Schematic representation of the ge-
ometry of the problem. The laboratory frame {xˆ, yˆ, zˆ} is
attached to the reflecting surface (blue box) , with the z-axis
pointing downwards. The incident ({xˆi, yˆi, zˆi}) and reflected
({xˆr, yˆr, zˆr}) reference frames are instead shown by the green
planes. θ is the angle of incidence.
surfaces has been predicted and numerically verified in
Ref. [50]. However, a comprehensive theory of Goos-
Ha¨nchen and Imbert-Fedorov shifts for Airy beams has
not been developed yet.
In this Letter, therefore, I will present a complete
theory of Goos-Ha¨nchen (GH) and Imbert-Fedorov (IF)
shifts for Airy beams impinging upon a dielectric inter-
face. In particular, I will show that for the case of finite
energy Airy beams, giant angular GH and IF shifts oc-
cur, as a consequence of the finite width of the Airy beam
spectrum.
To begin with, let us consider a monochromatic, parax-
ial electric field impinging upon a dielectric surface, as
depicted in Fig. 1. For later convenience, we can define
three reference frames: the laboratory frame {xˆ, yˆ, zˆ} at-
tached to the dielectric interface and oriented with the
zˆ axis pointing towards the dielectric, and two auxiliary
frames {xˆk, yˆk, zˆk} attached to the incident (k = i) and
the reflected (k = r) field, respectively. The impinging
electric field can be then described, in the incident frame,
ar
X
iv
:1
70
8.
08
69
3v
2 
 [p
hy
sic
s.o
pti
cs
]  
14
 Fe
b 2
01
8
2by the following Fourier representation:
Einc(r) =
2∑
λ=1
∫
d2Keˆλ(U, V ; θ)Aλ(U, V )e
i(UXi+V Yi+WZi),
(1)
where d2K = dUdV , λ is a polarization index (λ = 1
corresponds to p-polarization and λ = 2 corresponds to
s-polarization). In the expression above, U , V and W =√
1− U2 + V 2 ' 1− (U2 + V 2)/2 are the dimensionless
components of the k-vector in the incident frame, which
are connected to the k-vector in the laboratory frame by
the relation k = k0 (U xˆi + V yˆi +W zˆi) = kxxˆ + kyyˆ +
kz zˆ [49]. Moreover, Aλ(U, V ) = αλ(U, V ; θ)A(U, V ) is
the vector spectral amplitude, with A(U, V ) being the
angular spectrum of the incident field and αλ(U, V ) the
polarisation functions given by [51]
αλ(U, V ) = fˆ · eˆλ(k), (2)
with eˆλ(k) being the polarisation vectors attached to the
single plane wave components of the impinging beam,
whose definition is given as eˆ1(k) = (eˆ2 × k])/|eˆ2×k| and
eˆ2(k) = (zˆ×k)/|zˆ×k|. The unit vector fˆ = apxˆi+aseiηyˆi
(with ap, as, η ∈ R) describes the polarization state of
the beam in the incident frame. Upon reflection, each
plane wave component of the Fourier spectrum in (1)
gets reflected according to Fresnel’s law, i.e.,
eˆλ(k)e
ik·r → rλ(k)eˆλ(k˜)eik˜·r, (3)
where rλ(k) are the Fresnel reflection coefficients [14]
and k˜ = k − 2zˆ (zˆ · k) is determined by the law of
specular reflection [52]. The expression for the elec-
tric field Erefl(r) in the reflected frame can be the ob-
tained from (1) upon substituting eˆλ(k) → eˆλ(k˜) and
ki → kr = −U xˆ+ V yˆ +W zˆ, thus obtaining
Erefl(r) =
2∑
λ=1
∫
d2K E(U, V ; θ)ei(−UXr+V Yr+WZr).
(4)
where Eλ(U, V ; θ) = eˆλ(−U, V ;pi −
θ)rλ(U, V )αλ(U, V ; θ)A(U, V ) contains informations
about both the reflection coefficients and the angular
spectrum of the impinging beam. According to the
standard theory of beam shifts [33, 53], to evaluate the
GH and IF shifts one first needs to calculate the centroid
of the intensity distribution of the reflected field, i.e.,
〈X〉 = 〈Xr〉xˆr + 〈Yr〉yˆr, where
〈Xr〉 =
∫
d2RXr I(R, z)∫
d2RI(R, z)
being d2R = dXrdYr, I(R, z) = Erefl(R, z) · Erefl(R, z)
is the intensity distribution of the reflected field in the
reflected frame.By substituting (4) in the above expres-
sion, after some straightforward calculations we obtain
the following expresison for the centroid
〈Xr〉 = 1N Im
{∫
d2K E∗(U, V ; θ) ∂
∂U
E(U, V ; θ)
− Z
∫
d2K
U
W
|E(U, V ; θ)|2
}
, (5)
where N = ∫ d2K |E(U, V ; θ)|2, and d2K = dUdV .
An analogue expression (with the substitution ∂/∂U →
∂/∂V and U/W → V/W ) is valid for Yr. Then, the
spatial (∆) and angular (Θ) GH and IF shifts have the
following form:
∆GH = 〈Xr〉|z=0, ΘGH = ∂〈Xr〉
∂z
, (6a)
∆IF = 〈Yr〉|z=0, ΘIF = ∂〈Yr〉
∂z
. (6b)
In order to express the GH and IF shifts for Airy beams
in a compact form, it is useful to first recall the expres-
sions for the GH and IF shifts for a Gaussian beam im-
pinging upon a dielectric surface. These can be obtained
by setting A(U, V ) in (1) to be a Gaussian function and
performing the integrations in (5) by expanding the in-
tegrand functions in the numerator and denominator up
to the first order in U and V (by virtue of the paraxial
approximation) for the spatial shifts and the numerator
up to the second order for the angular shifts. After some
manipulations, we get the following well known expres-
sions [33]:
∆
(g)
GH =
1
k0
(
wp
∂φp
∂θ
+ ws
∂φs
∂θ
)
, (7a)
Θ
(g)
GH =
1
k0zR
(
wp
∂ lnRp
∂θ
+ ws
∂ lnRs
∂θ
)
, (7b)
∆
(g)
IF = −
1
k0
{
cot θ
[wpa2s + wsa2p
apas
cos η
+ 2
√
wpws sin(η + φs − φp)
]}
, (7c)
Θ
(g)
IF =
1
k0zR
[
wpa
2
s − wsa2p
apas
cos η cot θ
]
, (7d)
where the superscript (g) stands for Gaussian beam, k0 =
2pi/λ and zR is the Rayleigh range of the beam . In
the above expresions, Rλ and φλ are the modulus and
phase of the reflection coefficients, i.e., rλ = Rλe
iφλ [51]
and wλ = a
2
λR
2
λ/(a
2
pR
2
p + a
2
sR
2
s) is the fractional energy
contained in each polarisation.
For the case of Airy beams, instead, the angular spec-
trum appearing in (1) has the following form [1]:
A(U, V ) = e
i
3 (U
3+V 3), (8)
which corresponds, in the plane z = 0, to the 2D pure
(infinite energy) Airy beam E(x, y, z = 0) = Ai(x)Ai(y).
To calculate the beam shifts for such field distribution,
therefore, one should use (8) to calculate the integrals
3appearing in (5). In doing so, however, one needs to deal
with integrals of the type
I(n,m) ≡
∫
dU dV Un V m |A(U, V )|2 , (9)
where n,m ∈ N. With the choice of angular spectrum
as the one given by (8), it is not difficult to show that
I(n,m) = ∞. This result prevents one to calculate the
integrals appearing in (5), and, moreover, their ratio. To
overcome this problem, we can introduce a regularisation
parameter in the integrals I(n,m), in such a way that
they give finite results, thus allowing a correct evalua-
tion of (5). Then, by taking the limit of the regularised
result when the regularisation parameter goes to zero,
we can obtain the correct result for pure Airy beams.
Conceptually, this regularisation technique is the same
one employed for the calculation of Goos-Ha¨nchen and
Imbert-Fedorov shifts for Bessel beams [34].
A convenient regularisation condition for Airy beams,
is the one given in Ref. [2], which corresponds to the
so-called finite energy Airy beams. This regularisation
consists in adding a proper exponential factor to the
expression of the Airy beam, namely E(x, y, z = 0) =
Ai(x)Ai(y) exp [α(x+ y)]. The regularisation parameter
α > 0 ensures a containment of the tails of the Airy func-
tion, thus allowing such beams to carry finite energy and
be then physically realisable [2]. The angular spectrum
of such a regularised beam can be calculated using the
integral representation of the Airy function [54]
Ai(x) =
1
2pi
∫
dz e
i
(
z3
3 +xz
)
, (10)
and the identity [54]∫ ∞
−∞
dx exyAi(x) = e
y3
3 . (11)
This gives the following result:
A(U, V ) = e−α
2(U2+V 2)+α
3
3 e
i
3 [(U
3+V 3)−3α2(U+V )]. (12)
In the limit α = 0, the above angular spectrum re-
duces to (8). Notice, moreover, that |A(U, V )|2 =
exp [−2α2(U2 + V 2)] exp [2α3/3]. Therefore, the inte-
grals in (5) become Gaussian integrals. This suggests
that the GH and IF shifts for regularised Airy beam will
have a form similar to the one for Gaussian beams.
The beam shifts for an Airy beam can be then cal-
culated using the regularised angular spectrum given
by (12) (which, then, corresponds to finite energy Airy
beams) and then take the limit of the results obtained in
this way when α→ 0 to obtain the correspondent result
for pure (infinite energy) Airy beams. If we now calcu-
late the integrals in (5) for the case of regularised Airy
beams, we obtain the following result:
∆GH = ∆
(g)
GH − Γ, ∆IF = ∆(g)IF + Γ, (13a)
ΘGH =
1
2α2
Θ
(g)
GH , ΘIF =
1
2α2
Θ
(g)
IF , (13b)
where Γ = α2/k0. This is the main result of this Letter.
Before going any further, it is worth commenting on the
results pre- sented above. To understand them, one needs
first to recall, that when calculating the beam shifts, both
the numerator and the denominator of (5) are Taylor ex-
panded in U and V up to the first order. This means that
only terms proportional toI(0, 0), I(1, 0), and I(0, 1) will
contribute to define the shifts. For the case of the spec-
trum in (8), moreover, since |A(U, V )|2 is a Gaussian
function of U and V , I(1, 0) = I(0, 1) = 0, and there-
fore only terms proportional to I(0, 0) will contribute
in determining the spatial and angular shifts in (13).
This justifies the fact that the shifts for regularised Airy
beams looks very similar to the ones for Gaussian beams.
For the angular shifts, instead, the presence of the factor
U/W = U/
√
1− U2 − V 2 in (5) requires the integrals to
be expanded up to second order in U and V . Therefore,
the result will be proportional to I(2, 0)/I(0, 0) ∝ 1/α2.
To understand the presence of the Γ-factor in the
spatial shifts, instead, one should note that when cal-
culating the derivative in (5), the term ∂A(U, V )/∂U
(or its V -counterpart) gives a contribution of the form
(−2α2U + iU2 − iα2). Since only O(U2, V 2) terms must
be taken into account, and Gaussian integrals with odd
powers vanish, only the term proportional to α2 will sur-
vive, thus giving the extra Γ term in Eqs. (13a). No-
tice, that this term comes from the extra linear phase
exp [−iα(U + V )] present in the spectrum because of the
regularisation. As α → 0, therefore, this contribution
vanishes, as the angular spectrum for a pure Airy beam
does not contain such a linear phase term. For infinite
energy Airy beams, therefore, the spatial Goos-Ha¨nchen
and Imbert-Fedorov shifts resemble the ones for a Gaus-
sian beam.
For finite energy Airy beams, the decay factor α af-
fects both the spatial and angular shifts. For the spatial
shifts, it accounts for an additive quantity ±Γ. For the
angular shifts, on the other hand, the decay factor ap-
pears as a multiplicative constant in the angular shifts,
thus resulting in an amplification or suppression of the
shift (with respect to the case of a Gaussian beam), de-
pending on whether α < 1 or α > 1, respectively. In
practical cases, according to Refs. [2, 3], α is chosen to
be a small number, of the order of 10−2. This choice is
motivated by the necessity of having a rapidly enough
decaying function, which ensures the Airy beam to carry
finite energy. In this case, therefore, Γ 1 and the spa-
tial shifts are the ones of a Gaussian beam. This is in
accordance with the numerical results obtained in in Ref.
[13], where the predicted spatial GH shift is essentially
the one of a Gaussian beam [see for example Fig. 5(c)
of Ref. [13]]. For the angular shifts, instead, we have
ΘGH,IF /Θ
(g)
GH,IF = 1/2α
2 ' 103. Finite energy Airy
beams thus display giant angular GH and IF shifts. The
amplitude of such angular shifts can be then controlled
by suitably tuning the decay paramenter α.
As a last remark, it is also interesting to explore the
limiting case of (13) when α → 0, corresponding to
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FIG. 2. Amplification factor χ(pure) for a pure Airy beam for
an air-glass interface (nglass = 1.5) for p- (blue, lower, solid
line) and s-polarisation (red, upper, solid line). As it can be
seen, while χ
(pure)
p < 1 for θ < θB , χ
(pure)
s > 1 for every
incident angle. The black, dashed vertical line indicates the
position of the Brewster angle, which in this case is θB '
56, 3◦.
GH and IF shifts for nondiffracting, infinite energy Airy
beams. For the case of spatial shifts, this limit is im-
mediate, as Γ → 0 when α → 0, thus meaning that the
spatial shifts for infinite energy Airy beams are the same
as for a Gaussian beam. For the angular shifts, on the
other hand, the presence of α at the denominator makes
the limit of Eqs. (13b) diverge. This is due to the fact
that, while the integral in the numerator of the angular
part of the shifts is expanded up to second order in U
and V , the denominator is only expanded up to first or-
der in U and V . A similar problem, for example, occurs
as well when dealing with bean shifts close to Brewster
incidence [51]. To solve this problem, it is then suffi-
cient to calculate the normalisation factor appearing in
(5) up to second order precision in U and V . By doing
so, we obtain ΘGH = χ Θ˜
(g)
GH , and ΘIF = χ Θ˜
(g)
IF , (where
Θ˜
(g)
GH,IF are obtained from Eqs. (7) by substituting wλ
with w˜λ = a
2
λR
2
λ/[a
2
p(R
2
p+εp)+a
2
s(R
2
s+εs)]). The second
order corrected amplification factor χ is given by
χ =
a2p(R
2
p + εp) + a
2
s(R
2
s + εs)
a2p(2R
2
pα
2 + εp) + a2s(2R
2
sα
2 + εs)
, (14)
where ελ = (1/2)[(R
′
p)
2 + RpR
′′
p − R2s + RpR′p cot θ −
(R2p − R2s) csc2 θ] is the second-order correction to the
total energy carried by the beam [51], and the prime
indicates derivation with respect to θ.
The expression above for the amplification factor rep-
resents the correct form to use in the vicinity of Brew-
ster incidence, and allows us to correctly take the limit
α → 0. For linear polarisation, in particular, we get
χ
(pure)
λ = 1 + R
2
λ/ελ, (λ = {p, s}). In particular, if we
consider p-polarisation, at the Brewster angle we have
Rp = 0 and we therefore obtain χ
(pure)
p = 1. As can
be seen from Fig. 2, moreover, the amplification fac-
tor is greater than one for every incident angle only
for s-polarisation (red, upper, solid line), while for p-
polarisation it is greater than one only for θ > θB .
In conclusion, I have calculated GH and IF shifts for
both finite and infinite energy Airy beams. For the for-
mer, the decay factor α is responsible for the occurrence
of a giant angular GH and IF shift, which, for realistic
values of α are predicted to be approximately a thousand
times bigger than the correspondent shifts for a Gaus-
sian beam. Moreover, finite energy Airy beams possess
nonzero ∆GH and ∆IF shifts even when no total inter-
nal reflection takes place. This is in contrast with usual
results for Gaussian beams [39–41], where ∆GH 6= 0 only
close to total internal reflection. This residual spatial
shift, however, is significantly smaller than the wave-
length, as Γ ∝ α2λ  λ for realistic values of α. For
the case of infinite energy carrying Airy beams, instead,
the angular shifts are enhanced by a quantity χ, which
is independent on the form of the beam and selectively
amplifies s-polarisation at all incident angles. The spa-
tial shifts ∆GH,IF , on the other hand, are unaffected by
the particular structure of Airy beams and correspond to
the ones for Gaussian beams.
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